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Abstract—In this paper, we study the existence of solutions for
the following fractional hybrid differential equations involving
Riemann-Liouville differential operators of order 1 < a < 2. An
existence theorem for fractional hybrid differential equations is
proved under mixed Lipschitz and Carathéodory conditions and
using the Dhage point fixe theorem.

Index Terms—Fractional, Riemann, Hybrid

I. INTRODUCTION

During the past decades, fractional differential equations
have attracted many authors [1], [4], [5], [7], [8], [9], [10],
[11]. The differential equations involving fractional derivatives
in time, compared with those of integer order in time, are
more realistic to describe many phenomena in nature (for
instance, to describe the memory and hereditary properties of
various materials and processes), the study of such equations
has become an object of extensive study during recent years.

The quadratic perturbations of nonlinear differential equa-
tions have attracted much attention. We call such fractional
hybrid differential equations. There have been many works o
n the theory of hybrid differential equations, and we refer the
readers to the articles [2], [3], [4], [5], [6], [7].

Dhage and Lakshmikantham [3] discussed the following
first order hybrid differential equation

d x(t)

— || =gt z(t e tedJ=|0,1

- [f(t,x(t))] glta(t) ae tes=[0,1]
I(to) = X,

where f € C'(J x R,R\{0}) and g € Car(J x R,R).

(Car(J xR,R) is called the Carathéodory class of functions).
They established the existence, uniqueness results and some

fundamental differential inequalities for hybrid differential

(D

equations initiating the study of theory of such systems and
proved utilizing the theory of inequalities, its existence of
extremal solutions and a comparaison results.

Zhao, Sun, Han and Li [11] have discussed the following
fractional hybrid differential equations involving Riemann-
Liouville differential operators

of Z) 7 B
R{W} =g(t,z(t)) ae teJ=10,T),

z(0)=0 ,

where f € C*(J x R,R\{0}) and g € Car(J x R,R) .

The authors of [11] established the existence theorem for
fractional hybrid differential equation and some fundamental
differential inequalities. They also established the existence of
extremal solutions.

Hilal and Kajouni [5] studied boundary fractional hybrid
differential equations involving Caputo differential operators
of order 0 < a <1

2

oM )0 ae _
C{f(t,x(t))] g(t,z(t) ae teJ=[0T], N
a z(0) x(T) e
£0,2(0))  f(T,x(T)

where f € C*(J xR, R\{0}) and g € Car(JxR,R) and a, b,
c are real constants with a+ b # 0. They proved the existence
result for boundary fractional hybrid differential equations
under mixed Lipschitz and Carathéodory conditions. Some
fundamental fractional differential inequalities are also estab-
lished which are utilized to prove the existence of extremal
solutions. Necessary tools are considered and the comparaison
principle is proved which will be useful for further study of
qualitative behavior of solutions.
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In this paper we consider the fractional hybrid differential
equations with involving Riemann -Liouville differential op-
erators of order 1 < a < 2

of 2 ] _
D [m] =gt Bat) ae 0<t<l
a(l) = 2'(1) =
where f € C(J x R,R\{0}), g € Car(J X R R)
The term Bz (t) is given by: Bx(t fo s)ds where

K € C(D,R"), the set of all posmve functlons Wthh are
continuous on D := {(¢,s) € R?/0 < s <t < T} and
¢
B* = / K(t,s)ds < oo Q)

sup
te[0,1]
Using the fixed point theorem, we give an existence theorem
of solutions for the boundary value problem of the above
nonlinear fractional differential equation under both Lipschitz
and Carathéodory conditions. We present two examples to
illustrate our results.

II. MOTIVATION & METHODOLOGY
A. Motivation
III. PRELIMINARIES

In this section, we introduce notations, definitions, and
preliminaries facts which are used throughout this paper.
By C(J,R) we denote the Banach space of all continuous
functions from J into R with the norm

1yl = sup{ly(t)],t € J}

We denote by Car(J x R,R) the class of functions g : J X
R — R such that
(7) the map t — g(t, z) is mesurable for each € R and
(#4) the map x —— g(¢,x) is is continuous for eache J.
The class Car(J x R,R) is called the Carathéodory class
of functions on J x R which are Lebesgue integrable when
bounded by a Lebesgue integrable function on J.

By L'(J,R) denote the space of Lebesgue integrable real-
valued functions on J endowed with the norm || . |1 defined

by
1
Iy = / | y(s) | ds.

Definition 3.1: [6]
The Riemann-Liouville fractional integral of the continuous
function A : (0,00) — R of order > 0 is defined by

L t — 5)* h(s)ds
i | =9 ke

Provided that the right side is pointwise defined on (0, c0)
Definition 3.2: [6]

The Riemann-Liouville fractional derivative of order o > 0 of

the continuous function % : (0,00) — R is given by

L d- tt n=a=lp(s)ds, (6
m%/o( ) (s)ds, (6)

I°h(t) =

oDRA(t) =

where n = [a] + 1, [«] denote the integer part of number «,
Provided that the right side is pointwise defined on (0, c0).
From the definition of the Riemann-Liouville derivative, we
can obtain the following statement

Lemma 3.1: [6]
Let o > 0 . If we assume = € C(0,1) N L(0,1), then the
fractional differential equation

has z(t) = cit* Lot 244 t® " €ERi=1,...,n
as unique solutions, where n is the smallest integer greater than
or equal to a.

Lemma 3.2: [6]
Assume z € C'(0,1) N L(0,1) with a fractional derivative of
o > 0 that belongs to C'(0,1) N L(0,1). Then

o+ Dora(t) =

forsomec; e R, 1 =1,2,...,

greater than or equal to a.
Lemma 3.3:

Let h € C[0,1] et 1 < o < 2. The unique solution of the

problem

{D“(f(t"’?é?(t))) h(t) ae 0<t<1 , )

o(t) + et F et b et

n where 7 is the smallest integer

is

1
o0) = 56 Bo0) [ Hoh)s . ®
0
where
(t—s)® T—t* T (1—g)*"1 | s(1—t)t*2(1—s5)* 2
I'() + T(a—1) ,0<
H(t,s) =
—t*1(1—s)2 ! s(1—t)t* "2 (1—s)> 2
I'() + T(a—1) ; >
9
Preuve::

Applying the Riemann-Liouville fractional integral of the
order o for the equation (7), we obtain

x(t)
f(t, Bx(t))

for some cq,co € R.
Consequently, the general solution of (7) is

2(t) = f(t,Bx(t))(ﬁ /0 (tfs)aflh(s)ds+clta*1+czta*2)
(10)

=T°R(t) + et 4 ept™™?

By z(1) = 0 then

1 /1 .
c1+cy=—— 1—8)*" "h(s)ds.
1 2 F(a) 0( ) ()
From (10) we get

() f (¢, Bx(t))
f2(t, Ba(t))

— x() fu(t, Bx(t))

1 t a—2 a—2 a—
m/o(t—S) h(s)ds+(a—1)cit* 2 +(a—2)cat™ ™ |
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by 2/(1) = 0 we have

1
ﬁ/@ (1 — 5)°2h(s)ds.
Then

o1 = mray Jo (1= )22 = (1= 5)°~)h(s)ds

(a=1)c1 + (@ —2)eq =

C2 = Ty S (1= 8)*"1 = (1 — 8)*2)h(s)ds—
ﬁ fol(l —5)*"h(s)ds

therefore

ot) = f(t,Bx(t))(ﬁ/o(t—s)a_lh(s)ds

1 ta—l o
+ /0 (F(a—l)((l_s) 1
a—1
- - (e
ta72 a—2 a—1
R TP R AR (R ))ls)ds)
— f(t,Bx(t))(/O/ (ﬁ(t—s)a_l
a—1
e RO e
o tail (1 _ S)afl
[(a)
AT S )77 h(s)ds
MR
= [ (Fampa-9m - -9
ta—l a1
- F(a)_(:_s)
4 ﬁ(a—s)a—t 1= 5)°)) h(s)ds)

- f(t,BI(t))(/Ot (“FZ)

s(1—)t*=2(1 — s5)*~
MNa-—1)

ta_l(l _ S)a—l
- W)h(s)ds

Lol — )t0=2(] — )22
+ /t((l t);(a_(ln !

- tal(;(;)s)al)h(s)ds)

N~

— f(t, Ba(t)) /0 H(t, s)h(s)ds |

The proof is complete. ]
Lemma 3.4:

The function H(t,s) defined by (9) satisfies the following

conditions

D(a—1)H(t,s) < qt)k(s) , (11

where q(t) = (1 —t)te=2

S)a72

IV. EXISTENCE RESULT

In this section, we prove the existence results for the hybrid
differential equations with fractional order (4) on the closed
and bounded interval J = [0, 1] under mixed Lipschitz and
Carathéodory conditions on the nonlinearities involved in it.
We defined the multiplication in X by (zy)(t) = z(t)y(t) for
z,y € X.

Clearly X = C(J,R) is a Banach algebra with respect to
above norm and multiplication in it.

Lemma 4.1: [2]

Let S be a non-empty, closed convex and bounded subset of
the Banach algebra X andlet A; : X — X and Ay : X —
X be two operators such that

(a) Aj is Lipschitzian with a Lipschitz constant L

(b) B is completely continuous,

©) z=A1zAyy=2€S forallye S, and

(d) LM <1, where M = ||A2(S)|| = sup{||A2(z)] : = €

S}

then the operator equation x = A;x Aoy has a solution in S
We make the following assumptions
(Hyp) The function  — —=*— is increasing in R almost
every where for t € J .

f(¢t,Bx)
(H1) There exists a constant L > 0 such that

| f(t, Bx) — f(t, By) |< LB*x —y| = L[z —y| ,

forall t € J and z,y € R with L* = LB*.

(Hz)  There exists a function h € L'(J,R™) such that
lg(t, Bz)| < B*h(t) ae teJ
forallz e R

For convenience we denote

1 1
T= m/o k(s)ds

Theorem 4.1: Assume that hypotheses (H;) and (Hs)
hold. Further, if

12)

L*B*T||h|1: <1, (13)

then the boundary value problem (4) has a solution define J.

Preuve::
We define a subset S of X by

S={ze X/llz| <N} ,
where

N = B*FoT||h|| s
=B L T|h|

et

Fy = sup|f(¢,0)]
teJ
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It is clear that S satisfies hypothesis of lemma 4.1.
By application of Lemma 4.1, the equation (4) is equivalent
to the nonlinear hybrid integral equation

1
z(t) = f(t,Bw(t))/ H(t,s)g(s, Bx(s))ds , tedJ
" (14)
Define two operators A; : X — X and A : S — X by
Aiz(t) = f(t, Bx(t)), teJ (15)
and .
Asx(t) = / H(t,s)g(s, Bx(s))ds (16)
0

Then the hybrid integral equation (14) is transformed into the
operator equation as

x(t) = A1x(t)Agz(t) , ted (17

We shall show that the operators A; and A, satisfy all the
conditions of Lemma 4.1.
Claim 1, Let 2,y € X then by hypothesis (H),

|Ava(t) — Avy(t)] = [ f (¢, Bx(t)) — f(t, By(t))]
< L7fa(t) — y(0)]
< Ll =yl

forall t € J .
Taking supremum over t, we obtain ¢

A1z — Ayl < L¥[lz =yl

forall z,y € X

Claim 2, A, is a continuous in S.

Let (x,,) be a sequence in .S converging to a point z € S .
and Lebesgue dominated convergence theorem, we have

lim H(t,s)g(s, Bxy(s))ds

lim AQ.’En (t)

n—oo n—0 Jg
= /01 H(t,s) nh_)rr;o g(s, Bz, (s))ds
= /1 H(t,s)g(s, Bx(s))ds
= Aoga:(t) ,
forall t € J.

This shows that As is a continuous operator on S.
Claim 3, A, is compact operator on S .
First, we show that As(S) is a uniformly bounded set in X.
Let z € S be arbitrary. By Lemma 3.4, we have
|Ag(t)]

| /O H{(t, 5)g(s, Bx(s))ds|

IN

q(t)ﬁB*/o k(s)h(s)ds
TB*||hlLr

IN

IJOA ©2021

forallt € J.
Takin to sup from ¢, we obtain

[Agz|| < TB*|[R]|r

for all z € S.

so As is uniformly bounded on S.

Next, we prove that A5(.S) is an equi-continuous set on X.
Given € > 0 and let

t1 < to s

1 T(a+ 1)

2" 12|k 1
Let x € S et t1,t2 € [0,1] with

to —t1 <6

We have

(5<min{

0 <

| As(t) — Aga(ty)] = ‘/0 H(ts, s)g(s, Ba(s))ds
—/0 H(tl,s)g(s,Bx(s))ds‘
/t2 (t2 _ S)O‘_l _ tg_l(l _ S)a—l
0 INE)

2 5(1 — tg)tg_Q(l —5)2
*/o Dla—1)

e

2

V(1 — o)ty 2(1 — s)22
+/t 2r(a Y

< B[l ds

ds

ds

ds

2

ds

. / (t = )" — 1771 (1 = )
0 ['(a)

/tl s(1—t)t¢ 21 —s)22
0

T(a—1) ds

1 ja—1 a—1
t 1-—
/ 1 ( s)
. IN())]

B /1 s(1— 1)ty (1 — s)*2
t1 [la—1)

ds

ds
then

| A (t2) — Agw(ty)

o ([

_ " (tl — S)a_l s a—1 _ jo—1 ! (1 — S)a_l
J A AR Y s

+(tgf2 _ t(1172) /0 (;(—as)al—)

1 — g2
+(t371 - tlllil)‘/o (;(O{—) 1)

| <

ds

ds

ds
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. $o o +ta_1 7150‘_1
< Bl (L
+t§‘_2 R t;*—l)
I'(a) I'(a)
B*||Al|z

5 — 1t 4+ (1 ot

~57Y) +alty ™ - 57

B||hl

ty —t¢
_I‘(a+1)(2 !

+3(57 - 5T + 257 - 157)).

In order to estimate t§ — t§ , t3 ' — ¢!  and
toz—2 _ ta—2

2 1 ’

we consider the following cases

Case 1: 0<t1 <6 , tp<26.

g — ¢ < oty < (2000 < 2% <49,

ty < < (26)2 <2075 < 26
1572 =0T <57 < (200472 <29 <6

Case 2: 0<t; <ty <.

tg — 19 <ty < 3% < ad < 496,
fo < (a—1)6 <20

1572 —tr<eT? <502 < (a—2)0 <0

—1 —1 —1
tt el < et <

Case 3: <t <ty <1
g — 19 < ad < 46, t5 =t < (@ —1)5 < 20
t572 02 < (@ —2)5 <6

we obtain
|A2I(t2) — A2£E(t1)| <e

for all ¢1,t3 € Jand all x € X .
This implies that A5(S) is an equi-continuous set in X.

Then by Arzela-Ascoli theorem, A, is a continuous and
compact operator on S.
Claim 4, The hypothesis (¢) of lemma 4.1 is satisfied.
Let x,y € X such that z = A;zAsy. Then
lz(t)] = [Aiz(t)]|A2y(?)]
1
bSOl [ Hs)g(s. Bos)ds
0
1
< B*[L*|z(t)| + Fo] (q(t)i k(s)h(s)ds)
Lla—=1) Jy
< BY[L*[z(t)| + Fo]T'[|h] L1
Thus,
B*FyT||h|| 2
)<
O < T B TRl

IJOA ©2021

Taking supremum over ¢,

B*EFyT| b L

— B*L*T ||k

Then z € S and the hypothesis (¢) of Lemma 4.1 is satisfied.

Finally, we have
M = ||A2(9)|| = sup{||A2z|| : € S} < B*T'||h| 1,
S0,

<
ol < <

L*M < L*B*T||h| 1 < 1

Thus, all the conditions of Lemma 4.1 are satisfied.
Hence the operator equation AyxAsx = x has a solution in
S. As a result, the boundary value problem (4) has a solution
defined on J. This completes the proof. [ ]
V. EXEMPLES

In this section, we will present two examples to illustrate
the main results.
A. Exemple 1

we consider the fractional hybrid differential equation

D%x(t) =sinz pp. 0<t<1l | (18)
z(1)=2'(1)=0
whetre  f(t,z)=1 , g(t,z) =sinxz and h(t)=1.
Then hypothesis (H;) and (Hz) hold.
Since
1 1
T = —/— k(s)d
r(a—1)/0 (s)ds
= 1/1 s(1— s)%ds
L(3) Jo
-~ 4
35y ]
choosing L = 1, then we have
LT Al < 1

Therefore, the fractional hybrid differential equation (18) has
a solution.

B. Exemple 2
we consider the fractional hybrid differential equation

2 @ | —

D> [sizxﬁ} =cosz pp. 0<t<1 (19)

z(1)=2'(1)=0
where  f(t,xz) = sinz +2 , g(t,z) = cosz et
h(t) = 1.
Then hypothesis (H;) and (Hs) hold.
Since

4
35/
choosing L =1, then
LT <1

Therefore, the fractional hybrid differential equation (19) has
a solution on [0, 1].
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