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Abstract—In this paper, we study the Cauchy problem of the
fractional drift-diffusion system. By using the Fourier localization
argument and the Littlewood Paley theory, we get the local well-
posedness for large 1n1tlal data in crltlcal Fourier-Besov-Morrey

—20+ 45 1 + 2— 2a+ +
space ]-'./\/ P XFN, ?, Moreover, if the initial

data is suf)ﬁaently small then the solutlon is global.
Index Terms—Drift-diffusion, Local existence, Littlewood-
Paley theory, Fourier-Besov-Morrey spaces.

I. INTRODUCTION
In this paper, we consider the following Cauchy problem for
the fractional drift-diffusion system in R x R* with fractional
Laplacian

o

v+ (—A)zv ==V - (vVe) in R™ x (0, 00),
Ow + (=A)3w =V - (wVe) in R x (0, c0),
Ap=v—w in R™ x (0, 00),
v(z,0) = vo(z), w(x,0)=we(z) inR",

where the unknown functions v = v(z,t) and w = w(z,t)
denote densities of the electron and the hole in electrolytes,
respectively, ¢ = ¢(x,t) denotes the electric potential, vo(x)
and wo () are initial datum. Throughout this paper, we assume
that n >2and 1 < a < 2.

Notice that the function ¢ is determined by the Poison equation
in the third equation of (1), and it’s given by:

$a,t) = (=A) " (w —v)(=,1).

So that the system (1) can be rewritten as the following system:

o+ (=A)2v ==V (vV(=A)"H(w —v))
w4+ (-A) 2w =V (wV(=A)"Hw—-v)) inR"x
v(z,0) =vo(x), w(z,0)=wo(x) in R™.

2

Mathematical analysis of the Drift-diffusion system has
drawn much attention during the past three decades, we
refer the reader to see [1], [5] and the references therein
for previous works on this system concerning existence of
classical solutions and weak solutions.

In the context of Besov spaces and for a = 2, Karch in [14]
proved existence of global solution of the system (1) with
small initial data in critical Besov space B, 2:7 (R™) with

o < p < n. After, Deng and Li [9] showed that the system

(1) is well-posed in B, 3 (R?), and ill-posed in B, , ( 2) for
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2 < r < o0o. Zhao, Liu, and Cui [21] established the existence
of global and local solution of the system (1) in critical Besov
space By, r+ (R™) with 1 < p<2nand 1 <r < oo.

We mention here that if w vanishes (w = 0) and for o = 2,
the system (1) becomes to the well-known Keller-Segel model
of chemotaxis:

v =Av—V-(vVep) inR" x (0, 00),
Ad = in R" x (0,00),  (3)
v(x,0) = vo(z), in R™.

In the paper [4] the local well-posedness of the system (3)
has been proved in the three-dimensional case. Iwabuchi and
Nakamura [12], [13] get the global well-posednes of (3) for
small initial data in the critical space

(1) )
Botw

(R")

with I < p < oo and 1 < r < oo Inspired by the work [21],
The purpose of this paper is to establish the existence of local
solution to (1) for large initial data and global solution for
small initial data in the critical Fourrier-Besov-Morrey space
2—2a+ 2% +2

x FN, v 4

2-2a+ %43
Aq

FN

p,

Let us firstly recall the scaling property of the systems:
if (v,w) solves (1) with initial data (vg,wp) (¢ can be deter-
mined by (v, w)), then (vy,w,) with (vy(z,t), w,(x,t)) =

in R™ x R{’yav (yx,y*t) ,v*w (yz,y*t)) is also a solution to (1) with
RJ,Ihe initial data

(v0,5(2), wo (7)) :=

(¢ can be determined by (v.,w.)).

Definition 1.1: A critical space for initial data of the system
(1) is any Banach space E C &’ (R™) whose norm is invariant
under the scaling (4) for all v > 0, i.e

[1(v0,5 (), wo, ()| 5 = | (vo(2), wo ()l g -

Under these icalings
2—2a+£+
FNyaq x FN,, 5

mark 2.1 for details).

(Y*vo(yx), v wo(yz))  (4)

We can show that the space pair
2—2a+3; L+ ...
? is critical for (1) see (Re-
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In order to solve the equation (1), we consider the following
equivalent integral system

t (o7
v(t) =e = AP@ - /0 e~ IR gL (0 (7)) dr

o t o
w(t) =e 1A wy + / e DR L (wVe(r)) dr
’ 5)
With 7 ((=A)% f) (€) = [§]*Ff(£)-

Throughout this paper, we use ]-'./\/' to denote the
homogenous Fourier Besov-Morrey spaces (v,w) e X to
denote (v,w) € X x X for a Banach space X
X x X will be endowed with the usual norm ||(v, w)||xxx :=
[ollx +[lwllx ) [[(v, w)[|x to denote [|(v, w)|[xxx, VS W
means that there exists a constant C' > 0 such that V' < CW,
and p’ is the conjugate of p satisfying 1% + }% = 1 for
1<p< oo

Now we present our main results as follows.

Theorem 1.1: Let n > 2, 1 < a < 2,

o max{n—(n+3—2a)p,0}<)\<n

a—1
[ ]7 (’U07w0)€]:'/\/'2 2a+ +

the product

po >
1 <p<oo,

1 1 _
and PO+P6_1'

Then there exists 7" > 0 such that the system (1) has a
unique local solution
(v,w) € X, where

2204 %4242 /
Xp = gm0 (o T\ FN, +’°’+”+"0)mspo (0 T.FN. ..

and

2— 2oc+ + +
(v,w)eC(OT]:./\/ )
Besides, there exixts K > 0 such that if (vg,wq) satisfies:
l(vo,wo)ll 5 5ayn,» < K, then the above assertion holds

P,A.q
for T' = oc; i.e, the solution (v, w) is global.

II. PRELIMINARIES

In this section, we give some notations and recall basic
properties about Fourier-Besov-Morrey spaces that will be
used throughout the paper.

The Fourier-Besov-Morrey spaces were introduced in [10] are
constructed via a type of localization on Morrey spaces.

We define the function spaces M;‘.

Definition 2.1: [15] Let 1 < p < oo and 0 < A < n. The
homogeneous Morrey space sz‘ is the set of all functions
f € LP (B (xo,r)) such that
(6)

||fH1W = sup 5upr » ||f||LP (B(zo,r)) < OO,
zo€ER™ r>0
where B (g, r) is the open ball in R™ centered at z( and with
radius r > 0.
The space M;‘ endowed with the norm [[f|[\y is a Banach
space.
When p = 1, the L' -norm in (6) is understood as the total
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variation of the measure f on B (zo,7) and M, A as a subspace
of Radon measures. When A = 0, we have M), o _ = LP.

The proofs of the results presented in this paper are based
on a dyadic partition of unity in the Fourier variables, the
so-called, homogeneous Littlewood-Paley decomposition. We
recall briefly this construction below. For more detail, we refer
the reader to [2].

Let f € S’ (R™). Define the Fourier transform as

fOo=Fre=en [ e
and its inverse Fourier transform as
Fo) =7 @) = 2n)F [ (e

Let ¢ € S (R?) be such that 0 < ¢ < 1 and supp(p) C
{€eR:3<|¢] <8} and

> p(277¢) =1, forall &#0.
JEL
We denote
0i(€) = ¢ (279€), ()= D ¢r(®)
k<j—1
and
h(z) = Flo(x), g(z) = F ().
N +g +n% present some frequency localization operators:
) f:2dj/ h(27y) fz —y)dy
Rd
and
§if= S Anf=u;(D)f =29 /R 9 (27y) fl - y)dy.

k<j—1
From the definition, one easily derives that
AjApf =0,
A; (Sk—lfAkf) =0
The following Bony paraproduct decomposition will be
applied throughout the paper.

if [j— k[ >2
if [j— k| > 5.

wv = Tyv 4 Tou + R(u,v)

where Ty = dez S; ulju,  R(u,v) = Yjez Ajuljuv,
Z\] \<1 3’V
Lemma 2] [10] Let 1 < p1,p2,p3 < o0 and 0 <

)\1, /\2, )\3 <n.

. . CON . 1 1 1 A3 A A
(1) (Holder’s inequality) Let 55 = pr + > and p—g’ = pi + pj
then we have

179l < 1 lygss ol ™
(i) (Young’s inequality) If ¢ € L' and g € M3, then
le*gllyas < llellzellgllyp (8)

where * denotes the standard convolution operator.
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Now, we recall the Bernstein type lemma in Fourier vari-
ables in Morrey spaces.

Lemma 2.2: [10] Let 1 < ¢ < p < 00,0 < )\1,)\2 <
n, "‘Tj\l < "‘T’\"‘ and let v be a multi-index. If supp(f) C
{|¢] < A27}, then there is a constant C' > 0 independent of
f and j such that

-~ n—>A ~

1GE) Fllypa < T Ny O

Then, we define the function spaces fN A q(R”), see [10].
Definition 2.2:

spaces )

Let 1 < p,qg < 00,0 < XA < nand s € R. The Fourier-

Besov-Morrey space ]-"/\/' s is defined as the set of all

distributions f € S'\P, ’P 1s ‘the set of all polynomials, such

that gpjf € Mp, for all j € Z, and

(Homogeneous Fourler-Besov-Morrey

jsq
def (ZJ 72

1l &
supJGZQ Hgo]fH for q=oc.
(10)

Note that the space FN , ,(R™) equipped with the
norm (10) is a Banach space Since Mg = LP, we
have .7-'./\[ 0g = By, ,FN?,, = FBj, = B and
FN, 0 1= X! where B; is the Fourier-Herz space and x !
is the Lei-Lin space [18].

o A
Remark 2.1: The space pair ]-'/\/2 2actyrty X
2-2a+ 242

pr Ag P’ P is critical for (1). For this,
set up (&) = 72*20‘1;0(7{) then its Fourier transform is
@(5)2’72 2e=ngy, (W 5)
Let

71(6) & o (279%tom om0 a5 )
(v

2—2a—n

= (2_j+[10g2 v]—log, 'Yg) y BT
By change of variable, we get

Hfj”M;
(e,

_ 2—2a—n
=

© (2*j+[10g2 7]-log, vg) i
2—2a—n 2
sup supr »

zo€ER™ >0

=
ng (2 Jj+ Ing'Y]’Y —1 ) —15 ‘

Lr(B(zo,r))

gofH )1 for q <o

which implies

{27253 £5(6) 1 Hiie

2—2a+2 —2) 4lo 2q—2— 2 4 A —~
= {22t TR RO o e @ (©) s

R luoll  osarm -2
p’ P

IR

and since

0i( Oty (&) = > @i (©)ful8),
lk—jl<2
we can get
HUO,’YH 2—2a+ﬁ7% ~ ||U0|| 2—2a+ﬁ+% .

PiA,q p.A,q

Similary, we have

||w07’YH 2—2a+;—3+% ~ ||’LUOH

JIRNY

2 A .
272(y+;—5+;
P,A.q

Now, we give the definition of the mixed space-time spaces.

Definition 2.3: Let s e R, 1 <p<oo, 1 <q,p<Loo, 0L
A<mn,and I =[0,T), T € (0,00]. The space-time norm is
defined on u(t,x) by

L 1/q
bt ) eoir s,y = { D02 WAL raryy }
JEL
and denote by L°(I,FN,,,) the set of distributions in
S'(R x R™)/P with finite ||-HEP(I,JTN; ,.,) orm.
According to Minkowski inequality, it is easy to verify that
Le (I;‘FN;A,q) = LF (I’ 'FN;,M) )
Lr (L‘FN;)\,q) — L7 (I; ‘FNI‘)Sa)Vq) )

qu) =

if p<g,
if p > g,

where lu(t, )|z (I; FN,

1/p
(J alr My dr)

At the end of 'this” section we recall an existence and
uniqueness result for an abstract operator equation in a Banach
space, which will be used to prove Theorem 1.1 in the sequel.
For the proof, we refer the reader to see [17] and [3].

Lemma 2.3: Let X be a Banach space with norm ||.|| x and
B: X x X — X be a bounded bilinear operator satisfying

1B(u, v)||lx < nlfullxlv]lx

for all u,v € X and a constant 77 > 0. Then, if 0 < € < ﬁ and
if y € X such that ||ly||x < e, the equation z := y + B(z, z)

_ 7272047717%7% sup sup (77174)—% has a solution T in X such that ||Z|x < 2e. This solut%on
zoER™ >0 is the only one in the ball B(0,2¢). Moreover, the solution
H(p (2_j+[10g27 ) ‘ depends continuously on y in the sense: if ||| x < ¢, ' =
LP(B(y~'zo,v~17)) y + B(a',2'), and ||2’||x < 2e, then
_ 2(272a+ﬁ,*7 log, v H (2 j+[logs 7] )uO H HfiI/” - 1 H B /”
X=7C 4en) Yy—ylx-
IJOA ©2021 30
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ITI. LINEAR ESTIMATES IN FOURIER-BESOV-MORREY for all f c I ]:N2 2ot it itig ) N
SPACES
, 220424242
. . . . . . . 0
In this section, we will establish some crucial estimates in Lo (I FN, A )
the proof of Theorem 1.1. We now consider the following —at A2
linear estimates for the fractional heat semigroup {e’}, . and g € £ (I F. N P ) N

Lemma 3.1: Let 1=(0, T), s € R, p,q, p € [1,00] and 0 2atBiAp2
< A <n. There exists a constant C' > 0 such that gro (I ]:N A >
Proof Applying Bony paraproduct decomposition and quasi-
) < Clluollza BN Y orthogonality property for Littlewood-Paley decomposition,
for fixed j, we obtain

et =%

ug |
([o )N R

where ug € ‘FN;,)\,q
proof Since suppp; C {£ € R™ : 2971 < [¢] < 27F1} we

obtain
H]_—{ o t= A)2UO]H _ H(p e t\&\“AH Aj(fVg) = Z Aj(Sk_1fALVg) + Z Aj(Sk-19A,V f)
M ‘ M) |k—j|<4 [k—j|<4
<™ pyioll + Y Aj(ArfALVY)
k>j—3

Then, by the Minkowski inequality, we have

=L+ +1I
e

s+
eo(rrn, )

1

IN

T a(j—1)
0 ’ Then, by the triangle inequalities in M]DA and in [9(Z), we have

Iz
i(s+< 1-— 6_Tp2(j71>a ? ~
< 29(s+5) (/)204(31) ||S0ju0||M;¢

< Clluollza,

YAl

. n < < n
||v (fVQ) ||£1 <I; N272a+m+%> = ||fvg||£1 (1; 3—2a+a+%)

PA,q PN, q

Lemma 3.2: [8] Let 1=(0, T),s € R, p,q, p €[1,00] 0

<A<n and 1<7r<p. < 9i(3—20+ 245 )qA v H
There exists a constant C' > 0 such that - {Z 14, (f g)HLl(I’Mﬁ)}

JEZL
t
j(3—2a+2+2)q 1 <
’/ IR f(7)dr Clfl, e <{>_2 N g b
0 cn(sz > LEN, " ) jEZ
(3—2a4 2 42 5 1
2O, ) aay b
IV. BILINEAR ESTIMATES IN FOURIER-BESOV-MORREY ez !

SPACES

Q=

[(3—2a4+ 2 42 3
Y PO, )
Lemma 4.1: Let I = (0,T), s € R, p, q € [1,x)], JET
o

max{n — (n + 3 — 2a)p,0} < A < n, py > 1 and =+ o+ J;
o
p% + i = 1. There exists a constant C' > 0 such that

va.g —2a4 1 4 A SC f a4y AL 2
Iv-( ) ”21 (I;J-‘Nj,jq +P’+£) | ngo (I;fNj’:quPﬁP{B‘;? Rusing the Young’s inequality in Morrey spaces and
Berfistein-type inequality with |y| = 0, we have

><||g|| 2 a+”+ +2
£°0 (I]:N/\q )

+||gH 2matnpAry 2 X ”fH 2-2a+8 A4 2 ‘|
3 . P/t p P p/ " p ! N i N
£ro (Iy-FNp,A,q O> £°0 (I prAq pO) H(pijLl Scz.?(y"rg) ’(p]f

IJOA ©2021 31
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Then

I3z € 30 WG AV

|k—jl<4

< Z ||SO]VgHLP6(I,Mp>‘) Z ||gplf||Lp0(I,L1)

|k—j|<4 1<k—2

<C Z Qk”@ka”LPB(I’Ap\)
|k—jl<4 !

ST
Z 2+ ) H<Plf||Lﬂo(I,M;)

I<k—-2

< C Z 216”@]9”[/1% I]\/I*)
[k—jl<4

Z 9 (2204 2+ 2+ 2)1
1<k—2

o(20—2— )1

H<P1f||Lﬂo(I,M,*)

<C|fl

2 2045+ 5 Ao
£ro (I,F.

PO
p%q )

1
1(2a—2—2)q"\ ~
Z 2k< Z 2! ,,0)11) ”SDkgHL”f)(I,M};\)
|k—j|<4 1<k—2

<C| £l
£ro (1,F.

22 n o
/’0)
pkq

k(2 1—
> 2heer m>||sokg||m(,w),
|k—jl<4

in the last

where we have used the fact that py > a
o —

inequality.

Thus, by using the Young inequality, we have

S < CIIf|

2-2a4 1 p Ay
£ro (ILFN S

PyA,q )

OREESS
< |k—j|<4

1
k(2a—1-2¢ g9 )
ok(2a po)H¢k9H1f6<Lﬂ43)) )«

< CHf” 272a+ﬁ+%+%

L0 (ILFN, |, )
(>

E: 9(i—k)(=1+25+%)a
JEL  |k—j|<4

Q=

k(2+f+o— g
o2+ 543 PO)H(PkgHLPé(I,M,’,\))q)

2204 %4 A4 o gl
A )

<C|Ifl

2—at AL a
£r0(I,FN, L

’
SO (ILFN, 5, )
where we have used pi pi, =1.
0]
Similary, we get

Jo < Cllgl

2a+ ++&||f” y 22042 ++“
L20(LFN x4 L (I,FN, | )

For Js, first we use the Young inequality in Morrey spaces,
the Bernstein inequality (|]y| = 0) together with the Holder

inequality, to get

—

I3 2, amp) < E: H(AkakVQWLWLm@)
k>j—3
= Z ||(Akf*AkV9)||L1(1,wfg)
k>j—3
< Y leefligam X leValmaon
E>j—3 P —k<1
<C Z ||90kf||L/’0 I,M}) Z 22l( 7 )”SDlg”LPO(IMA)
k>j—3 ll—k|<1
1
n Ha—1—2)g") @
<C 2: HwkaYMLAP)( E: 2!t p&q)q
k>j—3 " =kl
g a4+ g AL a
HHSWUJWiX;W+p+m)
SOHQH z a+~,+ Ay 2
Lo (IL,FN, 5 4 P01y
k(a—1—= n
> 2T okl ot g ary)
k>j—3

Then, applying the Holder inequality for series, and noticing
that A > n — (n+3 — 2a)p implies that 3 — 2+ 2L + 2 > 0
, We obtain

J < C —at+ 4+ A o
3 ”g”mo(L}‘N;A,:p/+;+’J0)

(Z 2j(3—2a+§+%)q( Z
JEZ k>j5—3
1

%)||30kf||Lp6(1,Mg))q> “

< C —at+ 4+ A o
= Hg”):PO(L}‘N;A,:”, R )

(Z( Z 2(j7k)(372a+%+%)

JEZ k>j—3

2/@(04—1—

Q=

kE(2—a+B 242 2 q
2( AT T PO)||(‘0kf||L/’6(1,MI§‘)))
SC g et AL o

lgll B aTie

||f|| , 72+ - +L 222(3 2a+p,+ )
EPO(I’}-NP X,q ) i<3
< Cllgl miris I eras
£ro(I,F. i,x,:?+p+p0) 2"0(1 ]-"./\/2 2 +7+ +5 0)

Thus, we finished the proof of Lemma 4.1.

V. PROOF OF THEOREM 1.1

To ensure the existence of the global and local solution of
the system (1), we will use Lemma 2.3 with the linear and

bilinear estimate that we have established in section 3 and 4.
Let pg > —— be any given real number and 1 pi, =1
8]

o —
- Note that the space X defined in Theorem 1. 1 is a Banach
space equipped with the norm

fuller =l sy Hlel

’ PX.q

LPO(IFN,

IJOA ©2021 32

2-2at B4 245
P



International Journal on Optimization and Applications
IJOA. Vol. 1, Issue No. 2, Year 2021, www.usms.ac.ma/ijoa
Copyright ©2021 by International Journal on Optimization and Applications

UGA

We first prove global existence for small initial data. For
this purpose we choose T' = oo.

Applying Lemma 3.2 with s = 2 — 2« + + 2 and p; =1,
and Lemma 4.1, we obtain

Set

B (v,w) == —/0 e_(t_T)(_A)%V~(UV(—A)_1(w —)) (1)dr,

(0V(=A)Hw —v)) (1)dr]| <
£r0

SV (wV(=2)" (w —v)) H (

2204 A o

7T
Ooo]:./\/pxq

t (o3
.y / - (t-)(-2)%
0

ool

220t b St
Ooo]:./\fpxq

)
')
. M#%)
)
)

t (o3
By(v, w) := / e~ A2 G (wV (—A) " Hw — v)) (7)dr, 0,00 FN.
0
S ||U|| ( 2-204 B4 A o
£°0 [ 0,00 pAg pro P PO
Then the equivalent integral system (1.2) can be rewritten as x|[(=A) 1( w— )| R
£°0 (0 003 FN, A 4 R
(0(t), w(t)) = (e g, e A wg) (B, (v,w), Ba(v,w))

(13) +||(—A)_1(’LU _U)H 2 Q+Q+A+g
2«‘)0(000]:./\/“))\(1 P pO)
According to Lemma 3.1 with s = 2—2a+2 +2 [ = [0, o0)
4 i P b XHU” 2204 245 +&
and p = po (or pp), we obtain (0 N 6)
—t(-a)% S v o
||€ t(—A) 2UOH R 2a+ +A o S || H 0,00,F z>\2a+ S+ 5 +§>
£r0 <0,oc;]-'./\/p>\q pU) Npxsa
x||Jw — | N o
Co [lvol| 2-20+ 2% 42 I | (000?,/\/’2 20+ 1 +p+%>
PiA,q
+H’LU 7UH 2 20+ 2 o +p&
and £r0 (o i FN, 3,
a X”U” 2— 2a+ L+ +%
—t(=4)2 ]
||€ t( A2U0|| 22at 5434 (Ooo]—'f\/ >
£°0 <000]:/\/ 0)
= Cg(H(v,w 2204 24242
S C10 ||’U()|| 272a+pﬂ,+% ) £ro (O OOJ:Np X, q )
P,A,q
XH(Uﬂ,U)H / 22042 +A+p&/ )
0
which implies L7 (0 00, F N A >
o < C3||(v,w)||§<m
le™" = || x., < 2Co [|vol|

2-2a+ 0 42
a+p,+p
PiX.q

Similary,

le™ =2 wollx.. <201 [lwoll  soseinia

Analogously, we get

[1B1 (v, w) ||

" 2-2a+ 2L+ 2 +“ SC3H(’U’IU)H§(OO
(Ooo]:/\/ )

Thus, we obtain

1B1(v, w)x.. < 2Cs]l(v, )%,

P,\.q
Thus Similary,
|Ba(v,w)|[x.. < 2C4|(v,w)[%.
et g D E g < Finally,
C2 ||(U0,U)0)H 2—2@4»%4»% (14)

PiA,q

IJOA ©2021
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By Lemma 2.3, we know that if
[(e7t =2 2 ng, e =2 2 wg)||x.. < e with e = &,
then the system (1) has a unique global solution in

B(0,2¢) = {z € Xo |zlx. < 2} . To prove
(e~ =22 yg, e =22 )| x.. < &, according to (14) we
have

[N)

”(eft(fm%%? e—t(=D)

Cs || (vo, wo) ||

wo)[[xo <

2—20&»%4»%
A, q
So, if ||(vo, wo)||

2204812 < K with K = then

4CC ’

PiA.q
(1) has a unique global solution (v, w) € X, satisfying

I, w0l < o
v, W —

X =50

For the local existence, we shall decompose the initial data v
into two terms

vo =F " (xB.s)00) + F (XBe0.8)D0) = vo,1 + vo2,

where § = d(vg) > 0 is a real number. Similary, we
decompose wy

wo = F ! (xs0.6%0) + F " (XBe0.s)Wo) = wo +wos.

Since

22042 +2
UQQ—)OIH.FN)\(I P

2—2a+ 2 +
wog—)OIHfNAq v

when § — 400,

when 0 — 400,

then, there exists § large enough such that

IN
ESTRR

C2||(UO.,2;w0,2)|| 22042 42
P P

IR

We get

(e et o) <
Xr

!
Xr

| ™

We have

—t(—A)T —t(—A)T
(7 o, e 0 won) | =

00)

Xr
o (3
—t(—A)2 —t(—A)2
H(e ( )1}071,6 ( )w0,1>‘ 2-2a4 8 4 Ay o
Lro(LFN, , 7 7

e e )

2 2a+ %+p%
£P0(1, FN,, o)

Using the fact that |£| ~ 27 for all j € Z, we have

(3 o
—t(—A)2 —t(—A)z2
H(e (=2) 0,1, € (=2) w(],l)‘

22Q+n+ +a

Leo(I,FN o)
_ J2-20t 5434 2)qy O AF g La
- {22 e fpjemt =) UUJ”LPO(I,MQ)}
JEL
+{Z:2j(272o£+ﬁ+%+%)q||90j€7t(7A)2’wo 1||LPO(I M)
jeL

PRSI o 1/q
{ 21( oty )13 G5 o €|y g oa>vo||Lﬁo<1M*)}

JEZ
§ g2k S agi () e . i
+ z 0| [€] XB(o,a)UJoHLpo(z,w
162
2-2
<0 (D il )
JEZ
) 1/q
J(2—2a+2+2)q s a
+{>2 Al 2R T
JEZ
at - 1
< C567 P Tvo ||(U0>w0)H 2-204 243
PiA.q
Thus
o o
—t(-A)% —t(-A)%
H(e (=4) V0,1, € =2) wO,l)’ 220+ T4 5 4 <
LoO(ILFN, ., F L0

o 1
C55a+p°Tp0 [ (vo, wo) || 2-2at 4o

PX.q

Similary,

(o3
—t(—A)2
(2% w0,

IN

eft(fAﬁwo,J

2—2a+ /+ +;*
LP0 (I]-‘/\/ o)

a+-5
Cs0 AT ||(U0»wo)\|

2204 B 42
a+P,+p

PA,q
Hence,
H(e_t(_A)EUO,h€_t(_A)5w071)HX =
T
at+ & 1
Cs6“" 70 Tv0 H(’UQ,wo)H 2_2‘“',%'*'%
PiA,q
4+ 1
+C5 6T %o Il (vo, wo) |l 2204243

PiX,q

Then, if we choose T small enough such that

a 1
055a+p0 T o H(’Uo,’wo)” 2—2a+ﬁ+% S %
PX.q
and
a+ -2 1
Cs6 70T | (vo, wo)| 2204 B 43 < %

PiX.q
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ie,
Po
T S a+& :
4C56% " %0 || (vo, wo) | 2204+ 42
PA.q
and
P
T< e
4C50 7o ||(vo, wo)| 2204 243
PX.q
So, if we choose
P
T < min (( o < 0’
4C50" " 70 || (vo, wo) || 2204 543
P,X.q
( I3 )Po)
a+-F
4056 7o H(U07w0)” 272u+ﬁ+%
PN,q
then
o o 6
(et t) <5
T
This result with (5.2) yields that
H (eft(fA)%v e—t(fA)%wO>‘ <e
Xr
2-2
Thus for any arbitrary (vg, wp) € .7:/\/ A anr A , (1) has a
unique local solution in B(0,2¢) = {x c Xr 1]l xp <

2} .
Regularity:
We know if (v,
we can show that

w) € Xp x Xp is a solution of (1), then

V- (0Ve), V- (wVe) € £l <0 T FN 2 >

By using the definition of the Fourier-Besov-Morrey spaces,
we have

lv (t1) = v ()]
.

2—2044»%4»%

PyA,q
n q
< > (PEEEEED 65 (1) - 05 (t2) gy )
J<N
((2—2q4- 1 LAY o q
+2Z (21(2 2a+55+3) ””j(t)”Loc(I,M;)) ,
i>N

where U; = ;0. For any small constant ¢ > 0, let IV be large
enough such that

i(2—2a4+1 4 A ~ €
> PO o 0ll L fa) < 7
J>N v

According to Taylor’s formula and using the same arguments
s [ [21], Proposition 2.3], we get

. n q
3 (23(272a+y+i) 95 (1) — ©; (t2)||M;)

J<N
i(2—20+ 242
S [t —t2f? ZZJ( D (9u )J LY (1M
J<N ( )
S [ty — t2]? x || Opul|? 2otat 2yl
o1 (O,T;J: pAg

S 1t = taf? x (J|Av] (
£ 0,T;FN,

V- @Ve)|*
“(

IR

n A
2— 2u+ +p)

219 +n+>\
0.T:FN, )

P,A.q

i FN

< It = ol (Jloll’ i
o1 (O,T- pa p)
IV - @V aray )
ot <OT.7-'N v P>

PN, q

< |ty — 2|9 x (Hvo||q NI

PX,q

q
21V Vo’ <0Tmz ) ).

P,A.q

Thus, we obtain the continuity of v in time ¢.
Similary, we use the same discusion to get the continuity of
w in time t.

2—2a+ 242

Hence (v,w) € C (0 Ty FN, g 7 > and we are done.
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