Fuzzy fractional differential wave equation

Said Melliani *, M’hamed Elomari *, Khalid Hilal * & Manal Menchih *

* Laboratory of Applied Mathematics and Scientific Computing, Sultan Moulay Slimane University, Morocco

Email: said.melliani@gmail.com, m.elomari@usms.ma, {hilalkhalid2005, manalmenchih97}@yahoo.fr

Abstract—This work is related to investigate integral
solution of wave equation with fuzzy initial data under
generalized fuzzy Caputo derivative. For the concerned
investigation, we use the Fourier transform. The exact
solution is given in the case of v = 2. Some examples
are presented to illustrate the results.

Index Terms—Generalized fuzzy derivative, Caputo
fractional derivative, Hukuhara difference, fuzzy fourier
transform.

I. INTRODUCTION

The present paper investigate the analytic solution
of the following problem

2
e D] u(t, x) —¢ cz%u(t,x) =0,
—co<x<oo, t2>0,1<y<2
u(0,x) = a(x)
%u(O,x) =b(x)

where a and b are two absolutely valued-functions
in E!. —g is the generalized Hukuhara difference.
¢uD is the generalized fuzzy fractional caputo’s
derivative.

In 1965 L.Zadeh [13] introduced the basic ideas of
the fuzzy set theory, as an extension of the classical
notion of set. The authors in [6] give a generaliza-
tion of the Hukuhara difference which guaranteed
the existence of this is for two segments in R. As
consequance in the same work Bede and Stefanini
presented the generalized derivative of a set valued-
functions. Agarwal et al. [1] are the pioneers work-
ing in fuzzy fractional (DEs). They formulated the

Riemann-Liouville differentiability notion as the base
to define the concept of fuzzy fractional DEs. After
that, they proved the existence of solutions of fuzzy
fractional integral equations (IEs) under compactness
type conditions using the Hausdorff measure of non-
compactness in the paper [2]. Allahviranloo et all in
[3] presented two new results on the existence of two
kinds of gH—weak solutions of these problems and
indicated the boundedness and continuous depen-
dence of solutions on the initial data of the problems.
In [5] the authors prove the existence and uniqueness
theorems for non-linear fuzzy fractional Fredholm
integro-differential equations under fractional gen-
eralized Hukuhara derivatives in the Caputo sense.
From the idea of [5] we will try to prove the existence
and uniqueness of fuzzy fractional wave equation.
This paper is organized as follows. In section 2
we recall some concepts concerning the fuzzy metric
space. the generalized derivative take place in the
section 3. In section 4 we give the concept of fuzzy
Fourier transform and we presented some properties.
We presented the solution of the fuzzy wave equation
in section 5. Finally in section 6 two examples are

given to illustrate the usefulness of our main results.

II. PRELIMINARIES

In this section, we present some definitions and
introduce the necessary notation, which will be used
throughout the paper.
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We denote E! the class of function defined as
follows:

El = {u :R—[0,1], u satisfies (1 —4) below}

1) u is normal, i.e. there is a xg € R such that

u(xg) =1
2) u is a fuzzy convex set;
3) u is upper semi-continuous;

4) u closure of {x € R", wu(x) > 0} is compact

For all & € (0,1] the a-cut of an element of E! is
defined by

u* = {xe]R, u(x) Zoc}

By the previous properties we can write
i = [u(0), ()]

By the extension principal of Zadeh we have

— uﬂ( _'_,UDC,.

= Au®

(u+0)"
(Au)®

For all u,v € E! and A € R
The distance between two element of E! is given
by (see [4])

d(u,v) = sup max{|ﬂ(zx) —o(a)|, |u(a)

~o(a)|}
ae(0,1]

The metric space (El,d) is complete, separable
and locally compact and the following properties for
metric d are valid:

1) d(u+ov,u+w)=d(uo);

2) d(Au, Av) = |Ald(u,v);

3) dlu+v,w+z) <duw)+dvz);

Remark IL1 The space (E',d) is a linear normed space
with ||u]| = d(u,0).

Definition II.2
mapping z : C — [0, 1] with the following properties:

[10] A| complex fuzzy number is a

1) z is continuous;

2) z%, w € (0,1] is open, bounded, connected and
simply connected;

3) z!
simply connected.

is non-empty, compact, arcwise connected and
We denote the set of all fuzzy complex number by C?.

Definition I1.3 [6] The|generalized Hukuhara difference
of two fuzzy numbers u,v € E' is defined as follows

U=v+w
U—gv=w
or v=u+(-lw

In terms of a-levels we have

(1=¢v)" = [min {u(w) ~ 20), 7(a) ~3(w)}
—o(a), @ }}

and the conditions for the existence of w = u —¢

max {u(«)

v € E! are

w(a) = u(w) —o(w) and w(a) = u(x) —0(a)

case (i) with  w(«) increasing,

w(w) decreasing, w(a) < w(a)

w(w) = u(a) —v(x) and W(x) = u(a) —2(a)
case (ii) with  w(a) increasing,

w(w) decreasing, w(a) < w(a)
for all « € [0,1].

Throughout the rest of this paper, we assume that
u—gv € E!

Proposition I1.4 [11]
[ —g ol = d(u,0)

Since ||.|| is a norm on E" and by the proposition
(T3 We Fave
Proposition II.5

[Au =g put, Off = A = pel ]

Let f :

The a-level of f is given by

f(x,a) = {i(x,oc),f(x,tx)], Vx € [a,b], Va € [0,1].

[a,b] C R — E! a fuzzy-valued function.
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Definition IL6 [|6] Let xy € (a,b) and h be such that
xo+h € (a,b), then the generalized Hukuhara derivative
of a fuzzy value function f : (a,b) — E' at xq is defined
as

iHon x0+h)h 2/ () gféH(xo)H =0 (II.1)

If fori(x0) € E satisfying (ILT) exfists| we say that f is
generalized Hukuhara differentiable (gH-differentiable for
short) at x.

Definition IL7 [6] Let f|: [a,b] — E' and xq € (a,b),
with f(x,«) and f(x,&) both differentiable at x.
We say that

1) fis ()
fhou(xo) = [f (x,0), F (x,0)]
2) f is (i)
fhgr(xo) = [F (x,), f'(x,0)]

Theorem IL.8 Let f: ] C R — E'and g: ] — R and
x € J. Suppose that g(x) is differentiable function at x
and the fuzzy-valued function f(x) is gH-differentiable
at x. So

— gH]-differentiable at xq if
(IL.2)
— gH]-differentiable at x if

(IL3)

(fQ)en = (f'8)gn + (f&)gn

Proof Using (IL5), fdr hi|enough small we get

H flx+h)g(x+h) —g f(x)g(x)
h

=5 (F(0)g(x))gn + (f(x)8'(x))gr)
£t gt g RN (et g (X)5()

—g ((f'(x)g(x))gn + (f(x)8' (x))gn)
()

(f(X+h)—gf(X))g(X+hP)l+f(X)(g(X+h)—gg x))

—¢ ((f'(x)8(x))gn + (f(x)8(x))gn)
(f (x+h)— ?f(x) (x+h) —¢ ( f/ x)g(x )H

+H(f( )(g(X+h) 28(x —¢ ((F(

IN

(f(x+h)h gf(x))g(x + h) — ((f’(x
| ) B ((f(x

which complet the proof by passing to limit.

IN

Definition I1.10 [6] We say that a point xo € (a,b), is
a switching point for the differentiability of f, if in any

neighborhood V of xg there exist points x; < xg < Xp
such that

1) type (1). at xq hdlds fwhile ddes tot hold
and at xp hdlds|and ddes #ot hold, or

2) type (2). at x; hdlds fwhile ddes #ot hold
and at x, hdlds]and ddes ot hold.

Definition IL11 [3] Let |f|: (a,b) — E'. We say that
f(x) is gH-differentiable of the 2nd-order at xo whenever
the function f(x) is gH-differentiable of the order i,i =
0,1, at xo,((f(xo))gl){ € E'), moreover there isn’t any
switching point on (a,b). Then there exists (f)g(x0) €
E' such that

e

Definition 1112 [3] Let f | [a,b] — E' and fiH(x) be
gH-differentiable at xo € (a,b), moreover there isn't any
switching point on (a,b) and f(x,a) and f(x,a) both
differentiable at xo. We say that

o f'is [(i) — gH]-differentiable at xy if

flen(x0) = |f"(x,), ' (x, )|
— gH]-differentiable at x if

o f'is [(ii)
rild 1"
flgr(x0) = [F"(x,), f"(x,0)]
Definition I1.13 [8] Let || : [a,b] — E'. We say that
f(x) is fuzzy Riemann integrable to I € E' if for any

€ > 0, there exists 6 > 0 such that for any division
P = {[u,v];{} with the norms A(P) < &, we have

a (2 (0~ u)f(é‘M) <e

P

where Y, denotes the fuzzy summation. We choose to
write ] = fab f(x)dx

Theorem I1.14 [6] If f |is gH-differentiable with no
switching point in the interval [a,b] then we have

[ Fie = £6) s £(@

Theorem IL.15 [12] Lei f(x) be a fuzzy-valued func-
tion on (—oo,00) and it is represented by f(x,a) =

{]:(x,oc),f(x,a)]for any fixed « € [0,1].
that |f(x,a)| and |f(x,a)| are Riemann integrable on

Assume
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(—o00,00) for all « € [0,1]. Then f(x) is improper fuzzy
Riemann-integrable on (—oo,c0) and the improper fuzzy
Riemann integral is a fuzzy number. Furthermore, we
have

| fedx=[ [ ferads, [ Fowds]

From this theorem we can discuss the Fuzzy Rie-

mann’s improper integral

Lemma IL16 Let f : R x Rt — E!, given by
f(x, t;a) = [f(x,t;a), f(x,t;a)], and let a € RT

If [7 f(x,t;0)dt and [ f(x,t;a)dt are converges then

/ f(x,t;a)dt € E?!
a

Proof Just use the conditions (IL.1).

Theorem IL.18 Let f : R x Rt — E! be fuzzy-valued
function such that f(x,t;a) = [i(x,t;a),j‘(x,t;a)].
Suppose that for each x € [a,c0), the fuzzy integral

[ f(x, t)dt is convergent and moreover [ f(x,t)dx as
a function of t is convergent on [c,00). Then

/Coo /;of(x,t)dxdt _ /°° /oo Flx, t)dtdx

Proof Applying the theorem of Fubini-Tonelli [7|] to tHese
two functions i (x,t;a) and f(x, t;a), and use the condi-
tions (I1.1)

Theorem I1.20 Suppose both, f(x,t) and Ox,, f(x,t),
are fuzzy continuous in [a,b] X [c, o). Suppose also that
the integral converges for x € IR, and the integral
[ f(x,t)dt converges uniformly on [a,b]. Then F is gH-
differentiable on [a, b] and

Fin(0) = [ duf (x, )

Proof The continuity of Ox, f(x,t) on [a,b] by the con-
vergence domainee theorem of to f(x,t;a) and flx, t;a)
and use the condition (IL.1).

According to the theorem (I.8) wle gpt

Theorem I1.22 Let f : [a,b] — E' and ¢ : [a,b] - R
are two differentiable functions (f is gH-differentiable),
then

[ frus(ix = f0)3(0) ~ fl@)z(a)
o [ Fg

Remark 1123 If f,¢ € AE' with lim f(x) = 0,

[x|—00

limy o0 §(x) = 0 then

I fnzix = [~ pog (e

III. Fuzzy GENERALIZED HUKUHARA PARTIAL
DIFFERENTIATION

In this section f : D C R x Rt — E! is called the
two variable fuzzy-valued function. The parametric

representation of the fuzzy-valued function fis ex-
pressed by f(x,t,a) = [Ji(x, ta), f(x, t,zx)}

Definition 111 [3] Let/f : D € R x Rt — E!
and (xo,tg) € ID. Then first generalized Hukuhara
partial derivative ([gH — p]-derivative for short) of f with
respect to variables x, t are the functions Oy, f (xo, to) and

Oty f (X0, to) given by

|1 f(xo+ R, to) —¢ f(x0,to) -
}113(1) H n —g Oxgp f (X0, fo)H =0
and
. 11f(xo,to + 1) —¢ f(x0,to) -
Hm H I +Oxgpr f (%0, fo)” =0

provided that axng(xo, to),atqu(xo, to) € EL
Definition ITL2 [3] Let |f(x,t) : D — E', (xo,t) €

D and f(x,t;a) and f(x,t;a) both partial differentiable
w.r.t. t at (xo,to). We say that

o f(x,t)is [(i) — p]-differentiable w.r.t. t at (xo, to) if

Ot o f (X0, t0) = [at[(xof to; &), 0¢f (xo, fo;a)}
(TiL1)

atii/ng(x(]/ tO) = |:at7(x01 tO; D‘)r afi(x()r tO; “):|
(I.2)
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We inspired of the definition (ILII) fve pfesented
the following definition

Definition IIL.3 f : R x R"R — E'. We say that
the function t = h(x), is switching boundary for the
differentiability of f(x,t) with respect to t, if for all x
belongs to domain of h(x) and for all t € R™, there exist
points tg < t1 < tp such that

1) at (x,t) (IL1) hplds fwhile (IL.2) dpes Hot hold and
at (x,ty) (UL2) Hpldsland (L) does #ot hold, or

2) at (x,t1) ((.2) hplds pohile (1) dpes rlot hold and
at (x,tp) (L) Hpldsland (IL2) dpes #ot hold.

Theorem IIL.4 Consider f : R x Rt — E! and u :
R — E! are fuzzy-valued functions such that u(x;n) =
[u(x; ), u(x;a)]. Suppose that h : R — Rand p : R x
R* — R is a differentiable function w.r.t. t and

0 L) >0,
Sup(n, 1) = tp(x,t) >
oip(x,t) <0,

and f(x,t) = p(x,

It P(¥,t) = {

In fact, the function hy(t) is switching boundary type 1
for differentiability of f(x,t) with respect to t.

hi(t) < x < hy(t);
ha(t) < x < hs(t)

t)u(x). Then oy, f(x,t) exists and

ati/ng(x,t) >0, h(t) <x<hy(t);

tignP (4, 1) <0, ha(t) < x < hs(t)

Proof Since p is valued in RT then we can set
fx, ;) = p(x,t)[u(x; a),u(x; «)], which implies that

Bt = dup(x, 1) (s ), H(x; )]

| If hi(t) < x < hy(t) then

[0tp (x, )u(x; &), dep(x, 1)1 (x; )]

then f(x,t) is [(i)-differentiable] by report at t. In the
same if hy(t) < x < h3(t) we get

Oty =

Otey = [Orp(x, 1)(x; &), O¢p (x, t)u(x; )]

thus f(x,t) is [(ii)-differentiable] by report at t

IV. GENERALIZED FUZZY FRACTIONAL DERIVATIVE
We present generalized fuzzy fractional derivative

and their properties.

Definition IV.1 [5] Let | f € AFE ([a,b]). The fuzzy
Riemann-Liouville integral of fuzzy-valued function f is

defined as following:
1 t
q = _g)11
1) = gy J, (=97 s
a<s<t, 0<g<Ll
Definition IV.2 151 Let  f(x, ta) =

[i(x,t;oc),?(x,t;oc)] be a
The fuzzy Riemann-Liouville integral of f is defined as

valued-fuzzy  function.

following:

1 t
q . _
DI f(t350) = gy [ (=) fiu(5)as
a<s<t 0<g<l1

Also we say that f is [(i) — gH|-differentiable at ty if

gHD?f(x, ta) = [in(x, t;tx),f(x, ta)l
and f is [(ii) — gH|-differentiable at t; if
DI f(x,t:0) = [DTF(x ), f(x )]

Lemma IV.3 Let f € AE and r € (0,1),then

1) If f is [(i) — gH]-differentiable at to then D' f is
[(i) — gH]-differentiable at t.
2) If f is [(ii) — gH]-differentiable at ty then D' f is

[(ii) — gH]-differentiable at t
Proof Note that
1 t
q = —s)qf!
D) = gy o =) fiu()ds

; 1
Since m(t—
0<t<s.

s)~1 is a nonegative quantity whenever

Theorem IV.5 Let f € AE' and q € (1,2),then

guDIf(t) = (uDI7 fop (1)
Proof We set f(t) = [f(a), f(t;

@3 ]

If f is [(i)-differentiable] then
f1) = [f' (), F (1)

«)]and use lemma
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and
DI7Lf(1) = [DI7Yf (1), DTLF (£ 00))
If f is [(i)-differentiable] then
f@) = [F (50), f ()]

and

qulf(t)l _ [qulf/(t;a)l qulf/u_; 0()]

Proposition IV.7 Let f : LE'
IF DYLR() = ge), then f() = £(0) + 5 0) +
I7g(t)
Proof We set f(t) = [J:(t;tx),f(t;a)} and
g(t) = [g(ta),g(ta)].
1) If f is [(i)-differentiable] by theorem [ ]
D7 Uf(t) = [DV ' f(a), DY f(ta)]
= [8(ta),8(£a)]

Which implies that

D“Y’lj:(t,'oc) =
DY f(ta) =

By [9] we| get
f(ta) (0;0) +tf'(0;) + 17 g (; )
Flb0) = FO0) + 17 (00) + g (10)
in the same if f is [(ii)-differentiable] then

{f(m) = f
fba)=f

F(8) = f(0) + tfgp (0) + 1" g(h)

V. Fuzzy FOURIER TRANSFORM

f
f

(0;) + £F (0;0) + I Lg(t;a)
(0;a) +

;) tf(O;oc)—b—I”’%(t;oc)

In this section we discuss the Fourier transform in

the fuzzy case
Lemma V.1 If f € AE" then the map

F: R+— C!

w— [ f(x)ewvdx

is well defined
Proof We have

Jeoemse] = e
Since f € AE' then fx)e v ¢ AC, which complet
the proof.
Remark V.3 In the same the map and under same as-
symption

F: R +— C!
w— [Z f(x)evdx

is well defined

By the previous lemma and remark we can give a

definition of the fuzzy Fourier transform

Definition V.4 Let f : R — E! a fuzzy-valued function.
The fuzzy Fourier transform of f, denote F(f) : R — C!,
is given by

F(f) = = [ e emdx = Fw)
Also the fuzzy inverse Fourier transform of F(w) is given
by

FHE@) = o= [ fwedr =
By the conditions (I.1) we have

Remark V.5 Let f € AT,

If f(x, ;) = [f(x, t; ), f(x,t; )], then we can denote

F(fx ) = |F (fxta), F (Flx,ta)) |
with
[21,22] = [Re(z1), Re(z2)] X [Im(z1), Im(22)]
and
FUfb0) = [F (foba), 7 (Fa b))

Using the conditions (IL.1) and the linearity of
Fourier transform on a "crisp" function we get for
alla,b >0

aF (f(x, t;a)) +bF (g(x, t;a)) = F (af (x,t;0) + bg(x, t;a))
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Theorem V.6 Let f € AE" such that lim f(x) =0.

[x]—o0

suppose that fgy; € AE' Then

F(fin0) = iwF (£(x))
Proof Using theorem (L2 we ket
v ( éH(x)) =
= [l )ex|= —g (—iw) [, f(x)e
Using the limite lim f(x) = 0 we get the result.

|x|—o00

iwx dx}

Corollary V.8 IfféEH € AF' and |l‘im FOE =0
X|—00
for k=0,1,2, then
F(fi(0) = =P F (f(x)
By the theorems (I[[.20) and (IV.5)[we]have
Theorem V.9
F (guD{f(x,t)) = ¢uD]F (f(x,1))

VI. THE SOLUTION OF THE FUZZY FRACTIONAL WAVE

EQUATION
In this section consider the following problem

gD u(t, x) gczaazu( x) =0
O0<xt<], 0<y<l1
u(0,x) = a(x),

S5u(0,x) = b(x)

where a and b are belongs to AE',

(VL1)

Proposition VL1 the problem (VLI) hasla unique solu-
tion.

Proof Let u(x,t) is fuzzy absolutely integrable, we define
the fuzzy Fourier transform of u(x,t) and its inverse by

F (u(x,t)) / e iy = U(w,t
(u( F (w,t)
F L (U(w,t)) / )etdw = u(x, t
(u( r (x,t)
If D?gHu(x,t), Oxgu (X, t) and Oxy,u(x,t) are fuzzy

absolutely integrable in (—oo,00) by using

2
F (anDfu(t,2)) ~ 7 (@5 5ut,)) =0

It follows from the corollary (V-8) fhal

2
F (czaaxzu(t,x)) = —w?U(w,t)

F (guDlu(t,x)) = D/U(w, 1)
We get
D U(w, t) = —*U(w, t)
It follows that
gHD;’qUéH(w,t) = —2U(w,t)

Thus we have the following problem

giD!™ u glw, t) = —cU(w,t) (VL.2)
U(w,0) = F(a(x)) (VL3)
QU0 =Fk) (V1

by lemma 3.2 [5] this|problem has a unique solution given
by

U(w, t) =U(w,0) + tEU(w 0)—¢

oo h e

if u' is [(z')-dzﬁ‘erentzable], and

)" 2U(w, T)dds

=U(w,0) + t%U(w,O)—i-

2 t s B
m/o /0 (s—1)7 2U(W/T)d1'ds

if u' is [(ii)-differentiable].
Which implies the existence and uniqueness of the solution
of the problem (VL2) and by the inverse of Fourier

transform we get the existence and uniqueness of the

solution of (VLI_]

U(w,t)

VII. Casgy =2
In this section we set
u(x, o) = [u(x,t;a),u(x, fa))

a(x; o) =
b(x;a) =

If u' is [(i)-differentiable] then
0? 02

pYeLs u(x, ;o) = czﬁu(x t; )
0? P _
pY L u(x, o) = cza—xzu(x, ba)
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which implies

u(x, t;a) = F(x —ct;a) + G(x + ct; )
u(x, o) = F(x — ct;a) + G(x + ct;a)
where
a(x;a) = F(x — ct; ) + G(x + ct; ) (VIL1)
a(x,t;a) = F(x — ct;a) + G(x + ct;a) (VIL2)
and
b(x;a) = F'(x — ct;a) + G'(x + ct; ) (VIL3)
b(x,t;a) = F/(x —ct;a) + G'(x +ct;a)  (VIL4)

By the conditions (I.1) the solution is given by
u(x,t) = F(x —ct) + G(x +ct)
where F and G are given by the above formula
(7.1) — (7.4).
VIII. EXAMPLES

In this section we will give some examples to

illustrate the previous results.

Example VIIIL.1

gHDt%u(t,x) —¢ czaa—;u(t,x) =0
0<xt<l, 0<y<l1

u(0,x;0) = [(1+ zx)e’xz, (3— oc)e’xz},
%u(o,x)

(VIIL1)
=
—0
the solution is given by u(x,t) = F~1 (U(w,t)) with

— +1,—w? —at3 ,—w?
Ulw,t) = [*5e tw  S2ee?] 4
S
ré)/o /0 (s — 7)~ tU(w, 7)dTds

Example VIIIL.2

2
grDHu(t, x) —¢ czaa?u(t,x) =0

O<x,t<]l 0<y<l1
(VIIL.2)

u(x,0;0) = [txe_xz, (2— oc)e_xz],
=0

%u(x,O)
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Fig. 1. Lower and upper branch of u(x, f)with o« =1

the solution is given by

u(x,t) = [a,1— g]e_xcosh(ct)

IX. CoNCLUSIONS

This study makes it possible to explain the wave
phenomena with uncertainty in experimental data.
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